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Abstract 



The purpose of this note is to estabhsh the basic properties — 
regularity at the horizon, time independence, and thermahty — of the 
^ . generahzed Hartle-Hawking vacua defined in static spacetimes with bi- 

CN I furcate Killing horizon admitting a regular Euclidean section. These 

states, for free or interacting fields, are defined by a Euclidean func- 
f^ ■ tional integral on half the Euclidean section. The emphasis is on 

^^ ! generality and the arguments are simple but formal. 



The Hartle-Hawking vacuum |I|] was originally introduced via the assump- 
tion that the Feynman propagator for a free field in Schwarzschild spacetime 
is given by analytic continuation from the 2-point function on the Euclidean 
W)' section. Due to the periodicity in time of the Euclidean section of the black 

hole spacetime, this assumption yields a 2-point function on the Lorentzian 
K> ! section that has thermal properties. It was soon realized |^ that, at least 

H I in the case of free fields, the underlying state is a pure state that involves 

correlations between modes localized on either side of the horizon. It was 



later argued [^ more generally using perturbation theory that, on account 
of periodicity of the 2-point function, all n-point correlation functions for 
an arbitrary interacting quantum field on the Euclidean section are thermal 
correlation functions when continued back to the Lorentzian section. 

The well known equivalence between the Minkowski vacuum, and a ther- 
mal state defined by the Rindler hamiltonian generating evolution along a 
boost Killing field in Minkowski spacetime, can easily be seen using a path 
integral representation for the wave functional of the vacuum. [Several au- 
thors have, apparently independently, pointed this out @, ^ P, 0.] This 
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path integral representation, which apphes to interacting fields as well as 
free fields, can be generalized to arbitrary static spacetimes with bifurcate 
Killing horizons such as static black holes and deSitter space. Indeed, this 
generalization was pointed out in |^, and it was recently shown P] by ex- 
plicit computation in the free field case that the path integral in Euclidean 
Schwarzschild spacetime yields the Hart le- Hawking vacuum. 

The purpose of this note is to establish the basic properties of the gener- 
alized Hartle-Hawking "vacuum" states. The emphasis here is on generality. 
That the states are invariant under the Killing field and regular at the event 
horizon will be shown by simple formal arguments, as will be their precisely 
thermal nature as viewed from one side of the horizon. ["Thermality" is 
defined here with respect to the Hamiltonian that generates evolution along 
the static Killing field, and the temperature is K/27r, where k is the surface 
gravity of the Killing horizon.] 

Consider a quantum field propagating in a static spacetime with a 
bifurcate Killing horizon with a regular bifurcation surface and (therefore |P]) 
constant surface gravity. It is known that for a free field, there is at most 
one Killing time independent quantum state |0) that is regular everywhere 
on the horizon |[T0[|. For example, in Schwarzschild spacetime, this state is the 
Hartle-Hawking "vacuum". In the interacting case there might be multiple 
vacua, but the path integral will select just one of them, which will be referred 
to as |0). 

Consider a spacelike hypersurface S, orthogonal to the Killing field, which 
includes the bifurcation surface B. The bifurcation surface divides S into two 
pieces, S/ and S//, whose intersection is B. The "Euclidean section" is the 
Riemannian 4-D "surface of revolution" obtained by rotating each point of 
S/ through a circle of radius N(3. Here N is the norm of the Killing field at 
the point, and (3 is the period of the Euclidean time coordinate required in 
order that there be no conical singularity at the (Euclidean) horizon (where 
A^ = 0). Alternatively, /3 = 27r/K, where k = limjy^o |VaA^| is the surface 
gravity of the Killing horizon. The points of B are fixed points of the Killing 
field. 

The nature of the surface S/ depends on the spacetime. For instance, in 
Minkowski space with a boost Killing field B is R^ and S/ is B? x R^ . In 
Schwarzschild space 5 is a two-sphere and S/ is topologically S"^ x R^ . In 
deSitter space B is also an S*^, the equator of S^, and S/ is the hemisphere 
D^. Note that in the first two cases Er and the Euclidean section are non- 



compact, whereas in deSitter space they are compact. 

The state |0) is defined in the functional Schrodinger representation as a 
path integral over fields living on half of the Euclidean section of the space- 
time. The action is the Euclidean one, and the fields are assumed to take 
a fixed value on the boundary surface consisting of the union of the two 
Euclidean Killing times r = and r = (3/2. If the Euclidean section is non- 
compact, the fields are assumed to vanish asymptotically to ensure that the 
path integral is well defined. 

The functional defined by this path integral also defines a state on the 
surface S = E/UE// in the Lorentzian spacetime when one identifies, say, E// 
as the r = Euclidean time slice and E/ as the r = (3/2 time slice. This state 
is regular everywhere on E provided that we choose the range of r on the half- 
space to be precisely Ar = j3/2. In fact, the n-point correlation functions in 
the state |0) with all points on E are just those defined in the field theory 
on the Euclidean section of period 2Ar. If Ar ^ (3/2, this Euclidean section 
will have a conical singularity, and the correlation functions will not have 
the usual short distance behavior when one or more of the points sits at the 
conical singularity. Thus the state will not be regular at the horizon. If, on 
the other hand, Ar = (3/2, then the Euclidean section is regular everywhere 
and therefore so is the state. 

The state |0) is invariant under the time translation Killing field that van- 
ishes at the bifurcation surface. To establish time independence, let H be 
the Hamiltonian generating translations in Euclidean Killing time r. (Sub- 
tleties associated with the boundary of the spatial slices at B are ignored in 
what follows.) Then the path integral we have defined just gives the matrix 
elements of the operator A/'exp(— |/J), where A/" is a normalization factor. 
Identifying the Hilbert space Tin associated with the field on E// with the 
dual of that {'Hi) associated with the field on E/, the operator exp(— |if ) 
becomes a vector in the tensor product Tii ® 'Hn. Since E is orthogonal 
to the Killing field, the Lorentzian and Euclidean hamiltonians generating 
evolution along the Killing fiow agree on E. More precisely, the Lorentzian 
hamiltonian is equal to iJ on E/, and equal to —H on E//, since Killing time 
flows "backward" in region //. The action of the Lorentzian hamiltonian on 
|0) is therefore given by the commutator [_?/, exp(— |iJ)] = 0, so the state |0) 
is indeed time-independent. 

The sense in which |0) represents a thermal state is manifest when it 



is expressed as the operator |0) = Af exp{—^H). Tracing over the field 
degrees of freedom in region // we obtain the reduced density matrix pi = 
Tf//|0) (0| = Af^ exp(— /9if ), which describes a mixed state rather than a pure 
one, due to the entanglement of the degrees of freedom in regions / and II 
in the state |0). pi is precisely the density matrix for the canonical thermal 
ensemble at the temperature f3~^, defined with respect to the hamiltonian of 
the static observers in region / outside the Killing horizon. Note that the 
"entanglement entropy" — Trp/lnp/ is thus identical to the thermal entropy 
of the canonical ensemble. 

This completes the task of establishing the basic properties — regularity at 
the horizon, time independence, and thermality — of the generalized Hartle- 
Hawking vacua defined in static spacetimes with bifurcate Killing horizon 
admitting a regular Euclidean section. These states are defined by a Eu- 
clidean functional integral on half the Euclidean section or, equivalently, by 
the operator exp(— |iJ). We conclude this note with three remarks. 

(i) The state |0) may become singular after Lorentzian time evolution 
off the surface S. For example in Reissner- Nordstrom spacetime, as is well 
known, the state becomes singular at the inner (Cauchy) horizon. 

(a) The construction employed here does not exist for the extremal 
Reissner-Nordstrom black hole, since that spacetime has no bifurcation sur- 
face. It also does not exist for the Schwarzschild-deSitter spacetime, except 
when the cosmological and event horizons have the same surface gravity, since 
a difference in surface gravities precludes the existence of a regular Euchdean 
section. 

{in) In the form given here the construction does not apply to stationary 
nonstatic spacetimes because there is no Euclidean section. However, it seems 
likely that an appropriate generalization could be found. 
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